We prove a number of results concerning isomorphisms between spaces of the type L,(X), where X is a separable p-Banach space and 0 < p < 1. Our results imply that the quotient of Lp ( [0, 1 ] We also show that L, has, up to isomorphism, at most one complemented subspace non-isomorphic to L, and classify completely those spaces X for which L,(X) z L,. In particular if Ip(L,,X) = (0) and LB(X) 2 L, then X .; I,, or is finite-dimensional. If X has trivial dual and L,(X) g L, then X z L,.
INTRODUCTION
A quasi-Banach space X is an F-space on which the topology is given by a quasi-norm x +-+ IIxII, which satisfies II-4 > 0 x # 0, x E A-. then X is a pBanach space. If X can be equivalently re-normed to be a pBanach space then X is said to be p-convex.
For any quasi-Banach space X we define l,(X) (0 < p < 00) to be the space of sequences (x,) with x, E X such that Il(X">ll = ( 2 Ilxnllp)l'p < co?
?I=1
(1.0.5) l,(X) is a quasi-Banach space, which is a p-Banach space when X is a pBanach space (when 0 < p < 1). Also we define Lp(X) to be the space of Bore1 maps f: [ Identifying, as usual, functions equal a.e., Lp(X) is also a quasi-Banach space which is a p-Banach space when 0 < p < 1. We remark here that [0, l] with Lebesque measure can be replaced with any Polish space with a diffuse probability measure, but for the purposes of the introduction, the above definition suffices.
If X and Y are two quasi-Banach spaces then 9(X, Y) denotes the space of all operators T: X + Y with quasi-norm If X = Y we abbreviate this to 9(X).
In the remainder of the introduction we sketch some of the problems with motivated this research and then summarise our results.
This paper arises out of problems suggested by [6] . In [7] it was shown that if H is the subspace of L, ([O, l] x [0, 11) consisting of all functions depending only on the second variable, then H is uncomplemented in L,, ([O, l] x [0, 11) when 0 < p < 1. (The case p = 0 had earlier been proved by Berg et al. [2] .) A natural question (suggested by Peck) is: Sections 2-4 are preparatory; we gather in many more or less elementary lemmas and definitions which are required later. Our first major result is Theorem 5.2 which gives a representation theorem for operators T: L, --t L,(X), where X is a p-Banach space, generalizing the scalar case proved in [7] . We use Theorem 5.2 to then establish a lifting theorem (5.3) which yields the conclusion that if X is a p-Banach space and N is a closed subspace of X which is q-convex for some q > p (e.g., if dim N < co), then L,(X/N) g L, implies L,(N) is complemented in L,(X) (in its natural embedding). Combined with the fact from [7] (also proved in more generality in Section 6) that H = L,(R) is uncomplemented in L,([O, 11') g JLp) we can deduce that the answer to Problem 1.1 is no (Corollary 5.4), i.e., Lp([O, 1 ]')/H & L,. This is not the only proof of this fact given in the paper, however.
In Section 6 we consider operators T: LJX) + LJ Y), where X and Y are two separable p-Banach spaces. We introduce the notion of diagonal maps and use them to show that if X is a subspace of Y and L&X) is complemented in L,(Y) (in its natural embedding) then X is complemented in Y (this proof is valid for 0 < p < 1). Of course this gives another proof that H is uncomplemented in L, ((O, 112) .
Our main result in Section 7 is Theorem 7.3 Here we consider the quotient /i&9',,) of LJ[O, 11) (0 < p < 1) by a closed subspace LJ [O, l] ,A9,J, where A$ is some sub-u-algebra of the Bore1 sets. In [6] we gave a complete characterization of those A$ for which this subspace is complemented. Here we show that A@',,) g L, implies that L,( [O, l] ,AI',,) is complemented, generalizing Corollary 5.4. On the other hand, A(.%',,) always contains a complemented copy of L,. We contrast this with Example 8.7, where we construct a proper subspace of L,, N, say, so that N z L, but L,/N contains no complemented copy of L,. Thus N cannot be moved by any automorphism into a space L,([O, I], A?,,). This is somewhat akin to the recent result of Bourgain [ 31 that L, contains an uncomplemented subspace isomorphic to L, .
In Section 8 we prove our main results. Here the critical assumption is that a p-Banach space X is p-trivial, i.e., iP(Lp, X) = {O}. This definition was introduced in [ 71 and it was shown to be an appropriate analogue when p < 1 to the assumption that X has the Radon-Nikodym property. In Theorem 8.3, we show that if L,,(X) is isomorphic to a complemented subspace of L,(Y), where Y is separable and p-trivial, then X E Xi @ X,, where X, is a complemented subspace of I,(Y) and X2 is a complemented subspace of LB(Y) (either X, or X, can be (0)). Note that in the case p = 1 this is a trivial conclusion since X is complemented in L,(X). We then deduce a nice partial solution to Problem 1.5, namely, that if 0 < p < 1 and X and Y are two separable pBanach spaces which are p-trivial and L,(X) z L,(Y), then Z,(X) g f,(Y). Sp ecializing to Y = IR, we obtain that L,(X) z L, with X p-trivial, implies X is finite-dimensional or X z 1,. This result is strikingly similar to the Lewis-Stegall theorem, which implies that if L,(X) 2 L, and X has the Radon-Nikodym Property then X is linitedimensional or X z 1,.
In Section 9 we use these techniques to study the dual space of Y(L,). The problem of determining whether Y(L,) has trivial dual was suggested to the author by J. H. Shapiro. We characterize operators SE Y(L,) so that x(S) = 0 for every x = -Y(L,)* as the small operators introduced in j7 /. Using this. we show that if L, has a complemented subspace Z nonisomorphic to L,, then L,(Z) $ L,. Hence we obtain (Theorem 9.6) that if L,(X) E L, and X* = (O), then X g L,.
Finally we somewhat illuminate Problem 1.6 by showing that if L, fails to be prime, then there is, up to isomorphism, a unique complemented subspace Z & L,. In particular Z must be prime. We believe that no such Z can exist.
We note here that we have some corresponding results for the case p = 0. but the techniques are completely different and we proposed to publish these separately.
PRELIMINARIES FROM MEASURE THEORY
Let R be a topological space, then we denote by A? (or 53'(G) where more precision is required) the u-algebra of Bore1 subsets of 0.
We start by giving some essentially known results on Bore1 measurable maps. Suppose D and K are Polish spaces and v is a a-finite Bore1 measure in R. Then a Bore1 measurable map r~: Q -+ K will be called anti-inject&e if B E s(Q) and u 1 B is an injection then v(B) = 0. LEMMA 2.1. In order for a to fail to be anti-injective it is necessary and suflcient that there exists B E 9'(Q) with v(B) > 0, such that if C E 9(Q) and C c B, then there exists A E 9(K) with
Proof
If u fails to be anti-injective then there exists B E 3'(Q) with v(B) > 0 such that (11 B is an injection. By Lusin's theorem we can find B, c B which are compact so that o[B, is continuous and injective and v(B\U B,) = 0. If C c B is a Bore1 set then A = a(lJ,", (C n B,)) E S(K) and Cd(a-'(A)nB)cB\U B,.
Conversely suppose B satisfies the conditions of the lemma. Let (U,) be a countable base for the topology in a. For each n pick A, E 9(K) with
Then v(F) = 0. If w,, w2 E B\F and w, # o2 there exists n E IV so that UJ, E U, but w2 @ U,,. Hence uw, E A, but crw2 @A,, i.e., uo, # uo2. Thus u 1 Bw is injective. Now if u: R + K is a Bore1 map there is an induced measure U*V or K defined by u*v(B) = ~(a-'B) B E 9(K).
Our next proposition is in reality a form of Maharam's theorem on homogeneous measure algebras [ 111; but is stated in the language necessary for this paper. We refer also to Semadeni [ 15, pp. 471-4771.
PROPOSITION 2.2. Suppose R and K are Polish spaces and v is a probability measure on LJ. Suppose u: R -+ K is an anti-injective Bore1 map. Then there is a compact metric space M, a dtruse probability measure 71 on M and a Bore1 map z: R + M such that (i) There is a Bore1 map p: K x M+ R with p(u X t)(m) = o v -a.e., w E Q, where (a x r)(o) = ((TO, zw).
Let (U,) be a base for the open sets of R, where each set is repeated infinitely often. Let .9,, be the sub-u-algebra of .9(n) of all sets of the form (a-'B; B E 9(K)).
We shall show how to construct a sequence of finite sets I;,, and a sequence of Bore1 maps <,, : 0 + F, such that (2.2.3~(2.2.5) hold: where 7~,, is the probability measure on F, defined by n,(A) = IA I/IF,1 (I Cl = the cardinality of C).
If $, is the smallest sub-u-algebra of 9 such that 03 r , ,**-, c,, are measurable with respect to 9',,, then for n > 1, <, is independent of AYn-, , i.e., if A c F, and B E 9,,-, then 1
There exists A E 9" with v(A AU,) < I/n, n> 1.
The argument is an easy induction. If (&: k < n -1) have been constructed, where n>l, then the mapu~~,~~~~X~,-,:
Q+KXF,X.*.XF,-, is anti-injective, by the finiteness of F, x . . . x F,-, (some obvious rewording is necessary when n = 1). By Lemma 2.1 this means 9'n _ , (or more exactly the measure algebra induced by S"-,) induces no ideal in (9, v) Now let A4 be the product n,, F, with the product measure 0, x,, = 71 which is diffuse and define t: 0 + A4 by r(o) = (&Jo)),", , . For each open set U E (U,)?~ , , it is clear that there is a Bore1 set A E 9(M) with
Hence the same is true for every Bore1 set U c G. Now Lemma 2.1 (or more precisely its proof) implies that there is a Bore1 subset Q, of a with v(Q\Q,) = 0 such that r~ x zI.R\fi, is injective: We may suppose Q, is an F,-set, (a x r)(J2,) is Bore1 and (a x r)-' 1 (a x r) 0, is Borel; this follows easily from applying Lusin's theorem. Defining p = (a x 5)-' on (a x t) R, and arbitrarily (subject to being Borel) off (a x r) Q, we can satisfy (2.2.1).
It is easy to see that (2.2.2) is automatic from the construction. Suppose now X is separable quasi-Banach space. Then it is easy to see that if Q is a Polish space, then a Bore1 map g: Q -+ X is a uniform limit of countably-valued Bore1 maps g, : Q --t X.
If X and Y are separable quasi-Banach spaces then a map ~0: R -+ g(X, Y) is strongly (Borel) measurable if it is a Bore1 map for the strong-operator topology on 9(X, Y), i.e., for x E X, the map o i--, @(w)x is a Bore1 map into Y. From the preceding paragraph it can be shown that if g: f2 -+ X is a Bore1 map and @: a-+ 9(X, Y) is strongly measurable then o +-+ @(o)(g(Lo)) is also a Bore1 map.
The following lemma is one that we shall require later for the special case X = L, when the conditions are satisfied for c = 1 + E for any E > 0 (this follows quickly from results of Rolewicz [ 13, pp. 253-2541. Suppose further g: f2 -+ X is a Bore1 map such that 0 < a < I/ g(w)(I < /? < co for w E R. Then given u E X with 11 u 11 = 1 there exists a strongly measurable map w t-+ T, such that:
IITwll<cP w E J2, Then o t-+ T: is universally measurable and by modifying it on a set of measure zero we get the result of the lemma.
Remark.
Inversion is continuous on the set G so the map w I--+ T;' is also strongly Bore1 measurable.
~-INTEGRAL OPERATORS
In this section K will be a compact metric space and X ap-Banach space, where 0 < p < 1. We define a bounded linear operator T: C(K) --f X to be pintegral if for some constant c, we have for f, ,..., f, E C(K). By hypothesis C n P = 0 and so, as P has non-empty interior, the Hahn-Banach theorem implies the existence of a positive Bore1 measure p with lIpI/ = n,(T) such that which quickly yields (3.1.1) and (3.1.2). Uniqueness will follow from proving (3.1.3). Let p = v + ,D and by the Radon-Nikodym theorem write dv = 9 dp and dp = w dp, where $, v are non- II Tf II' < II T@,f >II" + II 7'C.f -h,f >II" < I' Ih,fl" 4 dp + i' If-h,f 1' w dp; K K and by the Dominated Convergence Theorem, II VII" < j KO I./-l" 4 4 + jKw, Ifl" v/ 4.
where This contradiction proves the lemma.
LEMMA 3.2. For 4 E C(K) and T E Y(C(K), X) define Tb E Y'(C(K), X) by
Then f T E Ap(K, X), Tm E Ap(K, X) and
so that dp(T,) < 141" dp. If ( does not vanish, (3.2. ProoJ This is again an application of the von Neumann selection theorem. Let G be the set of S E.A$(K; X) such that p(QS) < c,u(S). It is readily verified that Y(C(K),X) is a Souslin spaces (for the strong-operator topology) and that J(K; X) is a Bore1 subset (in fact an F,-set). It follows easily that G also is Bore1 (use Lemma 3.3 and the fact the positive cone in A'(K) is a Bore1 set). Now the map S w QS maps G onto Mp(K;X/N) by Lemma 3.4 and so there is a universally measurable map 8: Ar(K, X/N) + G so that QO(S) = S (Theorem 2.2 of [7] ).
To complete the proof let S, = B(T,J v-a.e. simply modifying on a set of measure zero to ensure Bore1 measurability.
THE SPACES L,(X)
Let R be a Polish space and let v be a u-finite measure on Q. Then if X is separable p-Banach space, we define L,(Q, v; X) to be the space of all Bore1 mapsf: a + X such that After the usual identification of functions equal almost everywhere L,(Q, v; X) is a p-Banach space. We now list without proof several easy facts. Proof: First we observe that the converse is pretty well automatic once one notes that A,(f(s)) is Borel; see the remarks preceding Lemma 2.3.
For the direct part of the theorem, choose F, to be an increasing sequence of finite-dimensional subspaces of X whose union F is dense in X. Let (x,) be any sequence dense in the unit ball of F, such that {x" : x, E Fk} is dense in the unit ball of Fk.
By picking a Hamel basis of F and extending linearly we may determine linear maps A, : F + Y so that
From the diagonal property it is easy to see that T(l, 0 x)(s) = lids) . A,(x) v-a.e. x E F, and hence if ( E L,(I2, v),
The proof will be completed by showing llAsll < I( T/I v-a.e. and since x t+ A,x is a Bore1 map for x E I;, it will follow by density that, after defining suitably on a set of measure zero, we have (4. IlAsll G II TII v-a.e.
OPERATORS ON L,
We now give a representation theorem for operators from L, into L,(X) which generalizes the representation theorem given in 171. We give the result in two parts. The converse is naturally much more interesting. Proox As in Theorem 3.1 of [7] we may suppose that K is totally disconnected. To do this it is necessary only to check that if u: K + K, is a Bore1 isomorphism onto a totally disconnected compact metric space then the induced map o*:J(K; X) --+dp(K,. X) is also Borel, where
This is clear (cf. remarks following Lemma 3.3). Now suppose that for each n, &" is a partitioning of K into clopen sets so that dn+, refines J$ for every n and if d:, = (U,,,: 1 < k < Z(n)) then diam U,., < n--l. Let xn,k be the characteristic function of An,k, and let E be the linear span of (J~,~: 1 ,< k Q f(n), 1 < n < co). E is dense in C(K) by the Stone-Weierstrass theorem. We may further suppose that the mapf t--+ Tf(w) is everywhere linear on E (by picking a Hamel basis of E and extending). Hence T is u-elementary and (6.1.2) is established.
Remarks. Of course the projection A, defined above is independent of the choice of (Bn,J In the case K = 0, I = v and u(s) = s, s E K, we shall denote A, by simply A. A is thus a projection onto the diagonal operators.
Let us call a subspace W of L,(K, 1; X) diagonal if for 4 E W, then Pr,# E W for every B E 9. Note that if T: L,(K, 1; X) + LJK, I; Y) is diagonal, then the range of T, 9(T), and the kernel of T, J'(T) are diagonal subspaces. PROPOSITION 
Suppose W is a complemented diagonal subspace of LJK, 1; X). Then there is a diagonal projection onto W.
Proof: If T: L,(K, 1; X) + W is a projection then so is IT,(T) for each n, where IT,,(T) is defined as in Theorem 6.1. Hence so is A(T), since ~,GXf) -+ A(T)(f) for every f E L,(x). EXAMPLE. The fact that Jam is uncomplemented in Lp(Lp) (p < 1 i (where R is the subspace of constants), which we used in the preceding section follows immediately. As noted where this is equivalent to the absence of a projection from Lp( [0, 1 ] X [O. I]) onto the subspace of functions depending only on the first variable.
ELEMENTARY OPERATORS
Again in this section we suppose 0 is a Polish space and v is a o-finite Bore1 measure on 0, while K is a compact metric space and A is a probability measure on K. X and Y will be separable p-Banach spaces. It will be convenient to suppose v is a probability measure. The reduction to this case is immediate from Fact 4.0.2.
We now appeal to Lemma 2.2, to determine a compact metric space M, a probability measure R on M and a Bore1 map r: R -+ M such that (2.2.1) and (2. Here the direct sum is the Z,-sum. 
Remarks. In [7] we showed that L,(K, 9,,, A) is complemented in L,(K, A) if and only if there exist A E 9, E > 0 such that:
BE.90. If CcA, C E 9, then there exists B E 9,, with h((BnA)dC)=O. Since M cannot be a countable family of such sets, there is a compact set AcMsuchthatg,(s)=O,sEA, l<n<co andn(A)>O. This means 11 g,(s)11 = 1, s EA. By observing the form of the projection onto .9(J) we note that A(,W,) contains a complemented copy of c %'(Q2 V&Z) we conclude 9(R") c 9'( V0.Z) and can define S = (VOJ))' R'. S: li(.9J + LJK, 1) is an embedding and RQ, S = Q,R'= R so that Q, S = Z on li($,). Hence LJK, .9,,, A) is complemented.
~OMORPHISMS BETWEEN L,(X)-SPACES
We recall that a p-Banach space X is p-trivial [6] if Y(L,, X) = {0} when 0 < p < 1. As shown in [6] , p-triviality is an appropriate non-locally convex analogue of the Radon-Nikodym Property for Banach spaces. Note that, for example, if X has a separating dual or is q-convex for some q > p, then X is p-trivial. Now applying Theorem 2.10 of [7] there are universally measurable maps a,, ,i : K + IF?, t,,j : K--f K so that P F a Cs) 6(rn.j(s))3 n,s = i-1 n.j j-1 (8.1.3) where for every s E K, and fixed n E N, r,,j(s) = r,,k(s) implies j = k.
For convenience we can redefine a,,i, 7,,,i on a set of k-measure zero so that they are Bore1 and (8.1.3) holds I-a.e. Now let {t,* : n E N} be any sequential ordering of the maps (r,,j ; n E N, j E N}, and define inductively u, = rT, and if n > 1, It follows that QP2 is a projection. Indeed QP2 QP2 = Q*P, = QP2 : W, = S(QP,). Then W, is a complemented subspace of Lp( Y) and W = W, @ W,, where W, = S'(QP,Q). However, since QPI is on W a projection, W, z 9(P,QP,), and P,QP, is a projection. Hence W, is isomorphic to a complemented subspace of l,(Y). This will complete the proof. Let (e,) be the cananical basis vectors of 1, and let U, = 2 '!P(ezn , f e,,), n = 1, 2 ,... . Then (u,) is the basis for a subspace N, isomorphic to 1,. If 21p"p < c < 1, let T: N,-+ 1, be defined so that Tu,=ce,,.
As /]r]]=c< 1, Z-EN, -+ 1, is an isomorphism of N, onto a closed subspace N of lP also isomorphic to I,, with (u, -Tu,,) as a basis. By considering e,, for example, it is not difficult to show N is a proper subspace. On the other hand, N is weakly dense. Indeed Hence we have found a subspace of L, isomorphic to L, but which cannot be moved by any automorphism into a subspace LJK, 90, A) for some sub-u-algebra (use Theorem 7.3). ProoJ By 8.3, X is isomorphic to a complemented subspace of L, and by Corollary 9.5, X 2 L,.
Our final result shows a complemented subspace of L, must belong to one of at most two isomorphism classes. In fact, we strongly suspect L, is prime. The proof depends on the fact that a small enough perturbation of the identity on Z is invertible. Let Q: L, + Z be any projection. Q is certainly a small operator and so may be written Q = SU, where U: L,(K, 2) + L,(K, ,I. L,(K, ,I)) is given by by-(s) =f(s) * 1,.
We shall here identify U as an endomorphism of L,, using the fact that L,(K, 1; Lp) is isometric to L p; equally we may treat S as an endomorphism of L,. Now U(Z) is also complemented in L, by the projection UQS, and is isomorphic to Z. The author has a number of partial results on this problem which will be published elsewhere. In particular the answer to 10.4 is yes when X has a basis. 
